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1. Introduction

Recent years have seen significant progress immitaeling of CDO tranches with the
emergence of the top-down Markovian contagion, @f-affecting, dynamic credit
default models. Top down refers to the modelingrepgh where the credits in the
portfolio are assumed to have the same charaatsrist notional amount, default
probability, recovery rate — and hence only the bemmand timing of credit default are
important to the calculation of the portfolio cretbss. The identity of the defaulter is
irrelevant. In mathematical term, at a given titie natural filtration at timé generated
by the portfolio default history contains the infation about number and timing of
default up tat, but not the identities of the defaulters. Creditadilt contagion refers to
the model feature that the portfolio default intengumps post default, reflecting the
empirical observation that the surviving creditsthie portfolio generally become more
likely to default after a defauttin other words, credit default has contagion eftecthe
financial health of the firms still alive.

In the reduced-form credit default contaigimodels, the default counting process is
modeled by a self-affecting intensity process #wounts for the empirical evidence that
defaults are clustered where more credit defauéidikely to follow after a default. The
fact that the default contagion models, whethey #re default only in which case spread
volatility is due entirely to defaults [Herbertssd&2008] or they account for stochastic
spread volatility [Arnsdorf and Halperin, 2008; Diet al. 2008; Giesecke and Goldberg,
2005; Lopatin and Misirpashaev, 2007], can achiaweost perfect calibration to the
standard index tranches suggests that the defandagion is a major risk factor of the
credit portfolio products, and any sensible portfalefault model must account for this
effect in some way.

In addition to the near perfect calibratito the standard tranches, tranches
referencing the index portfolio but with non-starttlatrikes and maturities can be priced

and risk managed consistently using the same médeh result, there is no longer the

! Strictly speaking, surviving firms do not necedlgall become riskier after a default. For exampmidirm
may be stronger after a default by its competBart the systemic risk generally increases afteadef
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need to use th@ad hoc base correlation interpolation/extrapolation scegmhereby
eliminating a major model inconsistency that iseirgmt in the current market standard
one-factor copula pricing model [Morgan and Morems2007; Schloegl et al., 2008].

However, pricing and risk managing of tlaes referencing bespoke portfolio still
pose a tremendous challenge due to the illiquidreadf the bespoke portfolio. Complete
model calibration to bespoke portfolio is difficuit not impossible, because of lack of
prices on tranches referencing the bespoke partfdlhe current market practice for
bespoke tranche pricing is the one-factor Gaussipala model with some form of base
correlation mapping scheme between the base ctorelaf the standard tranche and that
of the bespoke tranche [Baheti and Morgan, 2007 Bfa al., 2006]. Although these
mapping schemes have some theoretical justificatitimey aread hocin nature and
known to admit arbitrage (Morgan and Mortensen,72@thloegl et al., 2008).

Furthermore, the base correlation mapmngtatic which makes risk management
of bespoke tranche problematic because differanttres of the same portfolio will have
to be valued and hedged using different mappings ploblem is akin to hedging an
equity option portfolio using different implied \adllity. It is thus desirable to develop
dynamic and consistent models that incorporatelaai index pricing information into
pricing of bespoke tranche products.

In this paper, we present a dynamic npgtitfolio default model for the pricing of
tranche referencing a bespoke portfolio. The puwepissto make use of the pricing
information on indexésthat overlap with the bespoke portfolio such ttre bespoke
tranche is priced consistently with the indexes.this end, we make a fundamental
assumption that the bespoke portfolio has the graleént relationship with an index or
several indexes. A parent is defined as the oveiifolio that contains all credits. A
child is a sub-portfolio consisting of a portion tbe credits in the parent. As such, the
bespoke portfolio must be a subset of the pardm. Bespoke portfolio can be either the

parent, or a child or the union of several childréve refer the former as (random)

2 Index is referred to as a reference portfolioigiid tranches. Examples of index are CDX and iXrax
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portfolio enlargement in the sense that the bespak#olio is an expansion of credit
indexes, and the latter as (random) portfolio tmgnwhere the bespoke portfolio is a
contraction of an index. The portfolio thinningsisnilar to the random thinning to single
name CDS proposed by Giesecke and Goldberg (2808)includes the random thinning
to single names as a special case when the chilelvatain only one credit. In the
portfolio enlargement, one of the children mustadoeindex portfolio. In the portfolio
thinning, the parent must be an index. More compleses where the bespoke portfolio
partially overlaps with the index can be handleihgisa combination of portfolio
enlargement and thinning.

Through the child-parent relationship betw the bespoke portfolio and the index,
the standard tranche price information is incorfemtanto the bespoke portfolio default
model and hence into the bespoke tranche pricihg i€ another way of achieving the
same goal as that of base correlation mapping leetwiee standard tranche and bespoke
tranche. While the motivation behind our modelhs same as that of base correlation
mapping, there are fundamental differences. Ringt,base correlation mapping is static
in the sense that it applies only to each individtenche, namely, the base correlation
mapping is maturity, strike and reference portfadipecific. Different tranches need
different mapping, creating inconsistency which especially problematic for risk
management. This consistency problem is similarriskt managing equity option
portfolio using Black-Scholes model and Black iredlivolatility, where options of
different expiries and strikes are valued usinged#nt implied volatilities making
portfolio hedging problematic. Second, the baseetation mapping is not arbitrage free.
Our model is dynamic in the sense that once theeinsdcalibrated to the standard
tranches, bespoke tranches are priced in a comisaste arbitrage-free manner, across all
maturities and strikes.

The rest of the article is organized dkov¥es. In section 2, we first define some
symbols that will be used throughout this paper. thén describe the default processes
for the parent and the child portfolios. We asstina the parent default process is given,
and focus on the child portfolio conditional detguiobability distribution using the fact

that child portfolio default process is derivedrfrdhe parent default process and the
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conditional default probability of child portfoli®ection 3 outlines the tranche and index
pricing formulas that will be used in fitting theonel to the market prices of the index
and standard tranches. Section 4 gives the cabbrptocedures. If the parent portfolio is
the index, we calculate the parent default prodgessity independently of the child

process by fitting to the index and standard traschlVe then calculate the child portfolio
conditional default probability by fitting the cHildefault process, which contains only
the conditional default probability as unknown,tbe child portfolio spread and other
available liquid prices. If the child portfolio the index and the parent portfolio is the
bespoke, it is necessary to jointly calibrate tleept default process and the child
portfolio conditional default probability. Secti@dndiscusses potential applications of the

model, and section 6 concludes the paper.

2. Model Description

2.1. Nomenclature
The following notations are used throughout thiggra

- 1 <1} <...<r}: Ordered default times in the parent which corgtdih obligors.
- 1 <71, <---<1y, : Ordered default times in childwhich containsM, obligors.
- T, <T,<T,<--<T,: Coupon payment date set.

- A(nt)= AN = n,t): The next-to-default (NTD) intensity of the parent

- FF =o{zf = t}u{i_|s =t} The natural filtration generated up to tirhdy the

default in the parent portfolio and the parent difitensity.
- F¥ =o{tf = t}: Natural filtration generated by the default ie tthild k.

- N/ =sudk |7} <t}: The default level in the parent.

- N¢ :{Ntl,-~~,NtK}:rﬁ:{ml,-~~,mK},mk:Sup{j|r;‘st},kzl~-K . Vector of

K
default level state of the children. Note that im model settingN,” =n= z m,
k=1
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P(n,mA,.t)=P(N =n,NE =, A, t): The joint probability density of stochastic
intensity process witrﬂtC defaults among the children and at intengity

- P(nmt)= P(th =n,N¢ = m,t): The joint probability density ofi defaults in the
parent portfolio andn = (m,,---,m, ) defaults among the children.

- u*(m,,t): The NTD intensity in child k conditional om, prior defaults.

- D(T)= Ex;{— _[OT r(s)ds}: The risk-free discount factor frofi

2.2 Model Framework

We provide a dynamic, consistent, and arbitrage Weduation model for pricing tranches
referencing a bespoke portfolio. To this end, weuage that the reference bespoke
portfolio has a child-parent relation with one oomn index portfolios. The indices are
assumed to have no name overlapping among each Wileerefer the overall portfolio
that contains all the credits as the parent poatfol simply the parent, and the sub-
portfolios as children.

We consider two fundamental cases. Infits¢ case, the parent is the bespoke
portfolio that contains one or more index portfelias sub-portfolios, perhaps plus the
remaining names not belonging to any of the indidesthis case, the parent and the
children are determined by the bespoke portfolid #re available indices. For example,
if we want to price tranches referencing names DXGnd iTraxx, the parent is the
union of the CDX and iTraxx indicésThe two natural children are the CDX and the
iTraxx. In the second case, the bespoke portfa@ia isub-portfolio of an index. More

complicated case can be constructed by combinieggettwo.
Suppose that the parent contaitfsobligors, each obligor with constant recovery

rate and notional 1. Each default then results paeent portfolio loss ofl- R). Our

multi-portfolio model can conveniently handle hetgeneous recovery or notional. The

% Halperin (2009) proposed an implied multi-factoodel for bespoke CDO tranche pricing. He provided
such an example.
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only requirement is for the recovery and notioralbe uniform within each child.
Treatment of heterogeneous recovery or heterogsneotional is discussed in section
2.9.

We divide the parent into non-overlapphgdren. We assume both the parent and
the children to be homogeneous. The recovery madenational amount of a credit are
the same whether the credit is viewed as a menfoidseqparent or as a member of the
child to which the credit belongs. However, theespr of a credit when viewed as a
member of the parent is different from that wheemi@dd as a member of the child. The
spread when viewed from the parent is equal tcsfintead of the parent, and that when
viewed from the child is equal to the spread of¢hiéd. Since the child contains only a
sub-set of the parent, the spread of the childedifffrom that of the parent. The
dependence of spread on the underlying credit'sfgar association is a natural
consequence of the top-down model assumption.

The above model setting assumes that ¢fieutl is driven by the parent default
intensity, and the default in the parent is distiddl among the children according to the
child conditional default probability. Thereforeyromodel is comprised of a default
intensity process for the parent and a distributsbrconditional probability of default
among the children.

Remark 2.2.1: For simplicity, we assume a deterministic recoveate. We recognize
that a stochastic recovery rate or a time dependetg@rministic recover rate may be
required to achieve better fitting to the markdtgs when the market is under stress.
Recent “credit crunch” has resulted in significandrease in the prices of the senior and
super-senior index tranches. For example, the ®34l@ranche, which has no value
under the customary assumption of 40% recovery, re@sntly trading with significant
value [Amraoui and Hitier, 2008]. Our model framelwocan easily incorporate
stochastic recovery rate assumption.
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2.3. The Parent Default I ntensity Process

The default intensity process of the parent pddfml a top-down Markovian contagion

default model can be generally expresséd as
dA, = 42, NP tdt+ o2, N2 t)aw + &[4, NP t)dNS 1)

where dW, is the standard Weiner process au is the parent portfolio default level

NP = ZN“l(rkP < t): dNF =N/ -Nf = i[l(ff = t)_l(TkP <t)] ()

k=1 k=1

where1(x) is the indicator function and’ is the k-th default time in the parent portfolio.

There are a number of top-down Markovian contagiwdels in the literature. Below,
we mention four such models, representing distinotel features, numerical methods,

and practical applications.

2.3.1. Affine Intensity M odel

Errais etal. (2009) proposed a class of affine intensity etedvith general formalization.

In this paper, we mention one particular affine eledvhich is formalized as

dA, = k(A, - A )dt+ o /A dW + SZNS 3)

wherek,A_,0,0 are constant and is the loss-given-default (LGD) that can be define
either as a random variable following an indepehdestribution or as a constant.

A stochastic LGD provides additional paedens that generally results in a better
fit to the market tranche prices at the expensmtobducing another dimensiog. can
also be specified as a function of default tinfeto introduce more parameters for

potentially better fitting. One simple specificati@of random recovery is the uniform
distribution [Errai et al., 2009].

* The BSLP model and the zero-volatility intensitgatel directly specify/]t .

® The class of affine model described in Erraislef2009) is more general than Eq. (3). Here, we the
model (3) for exposition purpose because the enipludighis paper is on the multi-portfolio framewor
rather than the particular form of the parent ditfauodel.
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The affine model defined by Eq. (3) isf-sdtecting where the last term in Eq. (3)
causes the intensity to jump upon a new defaulkimgafuture default more likely. When
there is no further default, the intensity diffussd mean-reverts to the long term
equilibrium level A . Between defaults, the affine intensity modelimilar to the CIR
interest rate model which guarantees that the sitienan never become negative.

Affine intensity model (3) can be solvather by Monte Carlo simulation method
[Giesecke and Kim, 2007] or by characteristic fumttmethod [Errais et al. 2009;
Giesecke, 2007] adapted to the multi-portfolio ingtt Monte Carlo method under the
multi-portfolio model requires a two-step simulatiprocedure. In the first step, the
parent default is simulated where the distribui®governed by Eq. (3). The algorithm
of Giesecke and Kim (2007) can be used in the $itesp. If a default is encountered, the
second step simulation, which can be consideredmagner simulation, determines
which child the defaulter belongs. The distributmfithe second step is governed by the

conditional multi-portfolio default probabilitZ, (n,m,t) . Monte Carlo simulation

generally requires daily time step to account toe possibility of default clustering
(default in consecutive days).

2.3.2. ThelLopatin and Misirpashaev M odel

Assuming constant recovery rate across the patent,opatin and Misirpashaev (2007)

model is parameterized as
a1, = «{p(N7 t)= A, Jot+ o2, vy (4)

Instead of feeding the default back to thensity process through the explicit

linear termdN; as done in the affine model, the credit defaulhtagion effect is
achieved by making the mean-reversion Iepémf,t) depending on the parent default

level N7. The higher the default level is, the higher theamreversion level becomes

which forces the spread to reach a higher equiiibrievel, and hence making default
more likely. The diffusion term produces creditesut volatility between defaults and

provides the extra degrees of freedom for pricipigaginic products.
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This model does not have a transform basddgtion due to the mean-reversion

function. It can be solved by solving the Kolmogoforward equation (15) for the joint
default level density functio®(N?, NC,A,t) which is defined below. Since Eq. (15) is a

multi-portfolio extension of Eq. (2) in Lopatin aiisirpashaev (2007) model for single-
portfolio, the numerical scheme can be adaptedoteesEq. (15). The Monte Carlo

method outlined in the previous above for the affimodel can be used for this model.

2.3.3. TheBSLP Modd

The intensity process of the BSLP model proposeArgdorf and Halperin (2007) is
ANPY, )= (N = N2)F(NS )Y, (5)

where the contagion factd?(NtP,t) is a deterministic bilinear function of the defaul
level and time. The random fact¥r accounts for the spread volatility between deqult
and is assumed to follow a mean-reversion jumpisiiéin model. Furthermorey, is
assumed to be dependent a@,” but not the default leveN.” itself which enables to
calculate the conditional probabiIiW(YHm | ij,Nf,Yt) using a large time stefit. In

the BSLP model, the burden of calibration and satah of the default intensity, is
shifted to the stochastic factdf which is usually much simpler that). The BSLP
model can be further simplified ¥, is independent of the default level and is only a
diffusion process in which case the diffusion pescé and the default levelN,” are

decoupled. The BSLP model can be solved by trebadewith large time step.

2.34. Zero-Voalatility Intensity Mode

The zero-volatility intensity model is obtained gfting Y, = 1in Eq. (5), so it can be

considered as a special case of the BSLP modslalso called default only model since
the random intensity change comes entirely from jtmep in default level. Between

defaults, the intensity remains deterministic.ah de specified as
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NP

AN )= (N =N (K t) (6)

k=0
where &(k,t) is a piecewise constant functionkodindt,
é(k,t)=¢ ;,where kO(K_,k1,tO(T,,,T,] ©)

In practice, the choices of the spatialenkdand the temporal nod&s are problem

dependent and may be less obvious than the siogtisio case. In the single-portfolio

case,k andT, are usually chosen to coincide with the detachmeimtts and maturity of

the standard tranches. For example, we Hale  ={0%,3%,6%,9%,12%,22%}, and

raxx

{k}eox ={0%,3%,79%10%,15%,30%} . It is less obvious when the bespoke portfolio

contains both iTraxx and CDX because the detachmpeinits for iTraxx tranches and

CDX tranches are different.

Sincef(k,t) is positive, the intensity%(NtP,t) is a non-decreasing function of
default levelN,”, accounting for the default contagion effectsleasy to seen from Eq.

(6) that the credit spread is constant betweenuttefaHerbertsson shows that this model
is capable of perfectly reproducing the marketgwiof the standard tranches. A distinct
advantage of this model is that it enables analytache pricing formula due to the
constant Markov generator matrix.

The zero-volatility is sufficient for trahe pricing. Its numerical implementation is
the simplest among the four models described aliéeesingle-portfolio [Herbertsson,
2008] and two-portfolio cases, the matrix exporantiethod can be used [Moler and
Loan, 2003]. A matrix exponential solution for eobehild case is presented in Appendix.
For practical purpose, the number of childrenksly limited to three with the bespoke
portfolio being one of the children.

Below, we will demonstrate that the zeadatility default model is not suitable for

pricing spread volatility sensitive products sushoation on tranche and forward tranche
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because these products require sampling multipiatgon time, and hence termed
dynamic products.

Finally, we note that any of the above eiedcan be used as the parent default
intensity model. The choice depends on the moddialier and the ease of

implementation and computation efficiency.

2.4. The Child Portfolio Conditional Default Probability

Suppose that the parent is divided into K non-@mping children, and child hasM

initial obligors. Denote the default state of theldren by Ntc =m= (ml,-.-,mK) where
m, is the default level in chil&. It is clear that the parent default level museheal to

the sum of all children’s default levels,

K
n=>m  and 0sm, <M, (8)

k=1
Define the conditional child default prbiddy to be the probability that the next
default is in child k conditional on the currenfaldt statem

Colnm.t) =P (zf,, =7k | <tk <t FF u (UL, 7)) )

then the child conditional default probability msstisfy

C.(n,mt)>0 and ZK:Ck(n,m,t):l (10)

k=1

The explicit dependency am emphasizes that the conditional child default

probability C, depends on the default state of all children, jast the default level of

child k. We restrictC, (n,m,t) to be dependent only on the joint default statand time

t. This implies that the child conditional defautbpability is constant between defaults.
The spread volatility is due to the diffusion iretparent default intensity. We feel that

introducing diffusion inC,. (n, m, t) would intractable.
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It is obvious that whem, =M, all credits in child k have defaulted. The next

default cannot be in child k. So the probabilitatthext default is in child k is zero. On
the other hand, if all credits in children othearhchild k have defaulted, the next
defaulter must be in child k. When all survivingedits are in child k, we

haveN -n =M, —m,. Therefore, the conditional default probability shalso satisfy

C.(n.mt), -y =0 and ck(n,m,t)|w =1 (11)

=M -N+n

A specification of child conditional defaprobability that satisfies constraints (10)
and (11) is

c, (nmt)= RANCYE (12)

K
Z;Xigj(xi)
=

where
Xy =(Mk _mk)/(N_n) (13)

and g, (x) is some positive, deterministic function satistyiny, (1)=1. x =1 is
equivalent toN-n=M, -m_ and x, = O corresponds tom =M, . For model
consistency and symmetry, namely, all children nmhestireated the same way, (x)
should have the same functional form forkalHowever, the parameters gf (x) can be

different to reflect the difference in the averageeads of the children. In other words,

we can specifyg, (x) = g(x;&,) whereé, is a (time-dependent) parameter (potentially a

vector) specifically for childk.
Egs. (12) and (13) are a general spetificaof the child conditional default

probability that must satisfy the conditions (18pg11). However, we still have freedom
to choose functiorg(x;f) which can conceivably depend on application. Tingpkest

form for g, (x) is a linear function,

gk(xk)zgk(t)-'-xk[l_gk(t)] (14)
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where & (t) is a deterministic function of time. In practicg,(t) is either piecewise

constant or piecewise linear and must be fittethéomarket data.

Although the specification (14) is the plast function form under the framework
of formulas (12) and (13), it nonetheless has smteeesting features.

First, sincen, <M, andn=|m|, we see, by virtue of Eq. (13), thgt< fdr all
k<K . Furthermore, if a default occurs in the chKkd then x, decreases and,,,
increases.

Second¢, represents the (average) default risk level ofdckirelative to the

(average) default risk level of the parentéJf= 1, we haveg,(x,) = 1 andC, = 1/K.

This means that the parent default is uniformlyrdiated among the children. This is a
trivial case where all children have the same agggeeriskiness.

Third, g, (x,) is an increasing function of the paramefer If child k is riskier
than the parent, we hag (t) >1 other thing being equal. On the other hand, ifcckiis
less riskier than the parent, thép(t) <1.

Fourth,g, (x.) is an increasing (decreasing) functionxgfif &, (t)<1(&, (t)>1).
However, the monotonicity ong,(x,) is not shared byC,(n,mt) . Numerical
experiments confirm that a default by the childekuits in a decrease @ (n,m,t) and
an increase ier(n,m,t) for all j # k. This indicates that when chiki experiences a

default, the likelihood that the next default isaln childk decreases. Since the sum of
the child conditional default probabilities mustdxgual to 1, the probability that the next
default being in another child increases. In otwerds, the linear model (14) implies

conditional anti-default clustering for a child. Wever, it is important to distinguish this

feature from the default clustering implied by pgegent default contagion model.

Finally, it is important to note thagk(xk),kzl...,K must be calibrated

simultaneously to the market data. In the nondticase, the parent portfolio is divided

into two or more sub-portfolios. This means t#aft) are determined together.
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Remark 2.4.1: If the children are identical in the sense thaythave the same intrinsic

spread and contain the same number of cre€@itén, m,t) must be the same across
children, because in this case one child cannoiskesr than another. Egs. (12), (13) and
(14) suggest thafk(t) must be the same for atl Setting{k(t)=f in Eq. (14), we
conclude that the only possibility =1 andC, (n,m,t) = x, .

Remark 2.4.2: Single name default dynamics can be obtained timgeM, = 1. In this
case, we have, = (1-1(r* <t))/(N —n) wherer* is the default time of credit k. When
the k-th credit defaultsy, = &ndC, (n,m,t)=0. We havey,™(m, =1t)=0 (see Eq.

(40) for definition). This means that the singlame default intensity drops to zero after
default. However, we need to track the defaultemidy through the chilck natural
filtration 7 = a{r* < t}.

Remark 2.4.3: When there is only one child portfolio, i.e. theild is the same as the
parent, we haven, =n andM, =N. This results inx, =1 andC, =1. Hence, in this
case the child default dynamics automatically degaes to the parent process.

Remark 2.4.4: The dependence &, (n,mt) onn is technically redundant because of
the constraint (8). Given the child default levidts Ntc =m, the parent default level
N7 =n=|m]| is uniquely determined. Similarly, the uncondiabmulti-portfolio default
probability densityP(n,m,/l,t) is uniquely determined bgn. Nevertheless, we will keep
the N,” dependence explicit to emphasize the parent deéuell.

Remark 2.4.5: Egs. (12) and (13) are a general form of the chddditional default
probability based on the symmetry and boundary itomnd. We are free to choose any
particular form. Eq. (14) is the simplest spectiica.

Remark 2.4.6: The paramete£, in (14) can be generalized to depend on the defaul

level m, . This provides additional freedom that may endigéer fitting to the market

price data.
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2.5. Joint Multi-Portfolio Default Probability Density

Given the parent and child default counting proes(m", Nf), the joint unconditional
default probability density P(n,m,A,t)= P(NtP =n,N° =m,A, =/1,t) satisfies the
Kolmogorov forward equation adapted to our multitfmio stochastic intensity process

oP(n,mAL)_ 9 . 1 92
— T (3—/1[,u(/Ln,t)P(n,m,)l,t)]+567

+)IZK:P(n—lrk,)I,t)Ck(n—lrk,t)—AP(n,m/l,t)
k=1

o2 (A, n.t)P(n,m, A1)
(15)

wherel, ={Ij¢k =m,,l, =m, —1} is the child default state that can reach theestain

an infinitesimal time interval. Note that the joiktfault probability density is non-zero
only if n=|m andn-1= M :
If the default intensity is zero, thenrides no chance of default. Therefore, we
impose the boundary condition
P(n,m0,t) =0 (16)
Obviously, there can be no default at ttreed. As a result, the initial condition is
P(n,m A,0)= f(1)x1(n=0) (17)
By definition, the stochastic default denfunction for the parent portfolio is
P(NF =n,A,t)= 3 P(n,mAt) (18)
Imi=n
where the summation is over all possible statsatisfying| m|= imk =n.
k=1
Because the default statecan be reached only from the stitgk =1,---,K , over
an infinitesimal time interval, we have

ZZK:P(n—lrk,)l,t)ck(n—lrk,t):P(n—l)l,t) (19)

Im=nk=1

Substituting Egs. (17), (18) and (19) ifq. (15), we obtain the Kolmogorov

forward equation for the stochastic parent defdeitsity
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w - —%[,u()l,n,t)P(n,A,t)] +%:—/:2[02 ()I,n,t)P(n,/Lt)]

+ A[P(n-1,1,t)- P(n,A,t)]

(20)

Note that EqQ. (20) is the same as thdBqgn Lopatin and Misirpashaev (2007).

Pricing of credit derivatives entails tteculation of expectation of some payoffs
which are generally functions of portfolio defaldss but not the intensity. For constant
recovery, loss is proportional to the default leved a result, the payoff is a function of
the portfolio default level. The model calibratimvolves fitting to the prices of standard
tranche and index. The model may also need to librated to option prices to
determine the dynamic model parameters controltng spread volatility and mean
reversion.

Calibration to the current market pricéstandard tranches and index requires only
the probability density of joint default state whiés independent ofl,. Thus, it is
possible to eliminate thd, dependence in this part of the calibration. Te #mnd, we
first note that the joint probability satisfies odlowing transition equation

PNy Ny At +41) = Y TP(NtP, NE,A,t)x
NF NS, D (21)
P s INE NE AP(NG L NE, [NPLNE, A

where we have used the fact that the parent deifateltsity A, is independent of the

child default level vectoNE .

Integrating both sides of Eq. (21) witlspect to/,,,,, we obtain the unconditional

joint multi-portfolio probability density olNE,, at timet +At,

PND, NS, t+at)= Y [PING NS AR(NG, NS, NP RE A (22)

NtP’NtCt 0
where the unconditional joint default probabilitgrsity is defined by
PN, NE t)= [T PN NE At (23)
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Making the usual assumption of no simwdtars defaults, the conditional

probability of next defaulter being in child k is
(NS, =n NS, =m[N? =n-1NE =1, 4 )= A (n-1atc, [h-11, ) (24)

Substituting (24) into (21), settilg,,, =n, Nt‘im =m, and using the relation (note

that A, is independent of the child default levsf),
[ AP(N7 N2, thid = PN?, NELE(, IN7) (25)

we obtain the forward differential equation for thaconditional joint child default
probability densityP(n, rﬁ,t)6 (dependence amis redundant and only for clarity)

dP(n,m,t)

o :—G(n,t)P(n,mt)+G(n—lt)ZK:Ck(n—lfk,t)P(n—lrk,t) (26)

wherel, ={Ij¢k =m,l, =m, -1} and

G(nt)=E(A |NF =n)= TAP(NI’ =n, A t)dA/P(NF =nit)
. ’ (27)
P(N? =nt)=[P(NF =n,At)ia

The initial condition for Eq. (26) thatasnsistent with Eq. (17) is

P(nmo)= [ f (A x1n=0)=4,, (28)

It can be shown that the unconditionabpadefault density satisfies the equation

% - —6(n)P(nt)+ G(n-1)P(-11) (29)

where P(n,t) = > P(n,mt) with | = gmk :

[m=n

® Eq. (26) can also be derived by integrating E§) (fith respect tod and by using Eq. (27).
"Eq. (29) is the same as Eq. (6) in Lopatin andngishaev (2007).
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Lopatin and Misirpashaev (2007) called filngction G(n,t) the local intensity (LI)
because it is the expected intensity conditionaltte default level. They extend the
method of Markovian projection, a term first usgdmiterbarg (2007) for fast calibration
of stochastic volatility interest rate model bue tmethod was used earlier by Dupire
(1994) for the local volatility model for equity deative, to the credit derivative
modeling. If the stochastic intensity is self-affecting, a higher level of default wilh
average result in a higher level of default intBnstherefore, the local intensi@(n,t)

will be an increasing function efunder the default contagion models.

Remark 2.5.1: By deriving the local intensity model equation 2&e have effectively
proven thatG(Nf’,t) is the local intensity of the original stochastitensity model, in
the sense that the local intensity is the conditi@xpectation of the stochastic intensity.
Remark 2.5.2: The local intensit;G(n,t) is implicitly conditioned on today’s filtration

F+ . The Gyongy theorem, extended to jump procesdjemthat the SI model and the LI

model have the same marginal density conditionaloday’s information. Both models
are equivalent for pricing static products, butytlgenerally differ for pricing dynamic
products that depend on future filtration. We withborate in Sec. 2.8.

Remark 2.5.3: If there is only one child, then the child mustientical to the parent. In
this case, we must have = n, C(n,mt)=1 and P(n,m,t) = P(n,t). Egs. (15) and (26)

reduce to the Kolmogorov forward equation undersihgle-portfolio setting.
2.6. The Local Intensity G(th,t)

Eq. (26) indicates that the initial condition foetlocal intensity default densi®(n, m,t)
must be consistent with the initial condition Efj7) for the stochastic intensity default

probability density. On the one hand, the defimitd{n,t)= E(1, | N” = n) suggests that

G(n>0,t=0)=0 since P(n>00)=0. On the other hand, if we takd(n,0) as the
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limit G(n>0,0)=|tirrgG(n>O,t), we will see below that it not possible for

G(n>0t=0)=0.
By definition,
G(n=00)=lim [AP(n=0,A,t)dA/P(n=0,t)=[ A (A)dA/ [ f(A)dd  (30)
R 0 0

If £(A)=0(1-21,), thenG(00) = A,. On the other hand, the zero-volatility model
leads toG(n = 0,t =0) = E(4, | N® = 0)= A, the initial stochastic intensity.
The small time asymptotic behavior IéthP,At,t) iIs dominated by the jump

behavior. Neglecting the diffusion effect, Eq. (2@comes

W”p(n-u,t)-w(n,a,t), p(n.1.0) = f (A)ifn = 0) (31)
Thus the small time approximate solut®n i
P(n,A,t)= f(A)x(At)" e /ni (32)

This leads to the initial condition foetlocal intensity function

G(n0)=lim [ AP(n,A,t)dA/P(nt)= [ A" (A)dA/ [“ A" () (33)

ot—3

Eq. (33) shows thaB(n > 00)# 0.
The actual computation of the local intgnfinction G(n,t) depends on the choice

of the parent default model. In the following, wensnarize the calculation of local

intensity function under the four models describbe8ec. 2.3.

2.6.1. The L opatin and Misir pashaev M odel

In the Lopatin and Misirpashaev model (200%),s given Eq. (4), thus

E(A, IN?)=A(NP 1) (34)
which is the Eq. (8) in Lopatin et al. (2007). Thalculation of the local intensity
function /\(Nf’,t) follows the procedure described in their papeis ttlear that Eq. (26)
is the multi-portfolio extension of the local inggty equation for single portfolio.
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2.6.2. Affine Moddl

In the affine intensity model (3), we can use tloarier transform method [Giesecke,
2007; Ding et al. 2008]. Define the joint charaigtir function

o(u, Wv)t) = E“ ™) = Bl [NF =kfi-w)FP(NT =k)  (35)

k=0

whereW(v)=1-¢", we deduce that

E(A, INS =n)P(NS =n)= —i{w |} E {M |W} (36)

ouow" ow"

provided that the partial derivatives exist.
The Fourier transform method can be appieany intensity model for which the

characteristic function and its derivatives exist.

2.6.3. TheBSLP Modd

Under the BSLP model framework (5),

E(A IN7)=F(ND HE, IN7) 37)
So the burden of calculatinE(At | Nf’) is shifted to calculatingE(Yt |Nf’). If Y, is
independent of the default level increment, y(aq,t):o in Eq. (18) of Arnsdorf and
Halperin (2008), Eq. (37) essentially reduces ttcudating E(Y, [NF)=E(Y,) . In

practice, E(Y,) is much simpler to compute thE(}‘(t | Nf).

2.6.4. Zero-Volatility Intensity Model

As described in Sect. 2.3.4, the zero-volatilitieisity is a deterministic function of the
default level and time. Hence, we have

E(, IN?)=A(NPt)= (N - N7 )i‘g(k,t) (38)

In the zero-volatility intensity model,ethintensity depends only on the default

level. So the local intensity is the same as tigiral stochastic intensity.
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2.7. The Child Default I ntensity Process

The conditional probability that the next defaslin childk givenn total prior defaults in

the parent anan, prior defaults in chilk is given by

Ck(n m, /]Ut):P( r:j+1 =T§\‘+1|TP <t, FP O Ftk)

- zp(n M A,t)C, (n, M)/ ZP(n M At) (39)
o0, (n,m, ) 00, (n,my )
where [, ( {nﬂn‘j nm =i0sm <M, j=1.. K} is the set of child default state

subjected to the constraint that the parent defamint isn and childk default count is
m =i.
The next-to-default intensity of chkdconditional onm, prior defaults is
N=M, +m,

H(m.t)= ZA(nt) C*(nm.t) (40)

which can be used to generate default paths fédt &hit is clear that by construction, we
have *(m, =M,,t)=0, meaning that once all credits in child k haveadégd, its
default intensity drops to zero.

The unconditional probability of n parelefaults andm, child k defaults is

P (nm.A.t)= > P(nmA,t) (41)
w00, (nmy)
and the unconditional probability @f, defaults in child k is
N-M, +my
P (m.A.t)= D P*(nm,A.t) (42)

Eq. (42) can be used to calculate expdosgifor child k, and the expected loss of
tranches referencing child k.

2.8. Local Intensity Model and Stochastic I ntensity Model

It has been reported that tranche pricing is tineesander the LI model and the SI model,

and that they result in different prices for fordiatarting tranches and tranche options
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[Arnsdorf and Halperin, 2008; Lopatin and Misirpasfa, 2007]. In this section, we show
that the LI model and the SI model are equivalentgfricing static products such as
tranches using the Gyongy’s theorem. But they dferdnt for pricing dynamic products
such as tranche option, forward starting and LeyeteSuper-Senior (LSS).

For simplicity and ease of notation, we tlse single portfolio setting to explain the
reason why the local intensity model is not equmalo the stochastic intensity model.
The multi-portfolio setting follows essentially tesame line.

In Sec. 2.5, we showed that the LI proceglsich can be considered as the
Markovian projection of the Sl process [Piterba2§07] and has the same marginal
default density as the Sl process according to@pengy’'s theorem, is conditioned on

today’s information filtratior; . The local intensity conditional on future filtian will

be different. To prove this point, we express tiwal intensity conditioned on a filtration

of future times by

G(NF NS A)= QNG =

P(Nt JINE,A) (43)

S

wheret >s and F” = o{rkp < s} 0 {)Iu lu< s} is the times filtration of the parent default

[ )IP()I‘NI N2 )u

and intensity and defauIF?(NtP,At‘NSP,/]S) is the SI model probability density at time t

conditional orF7.

In the zero-volatility intensity model,etidefault intensity depends on the current
default levelN;” only, and is independent &7, 1 ;s<t. As a result, we conclude that

in the zero-volatility intensity model, the condiial local intensity and the

(unconditional) local intensity are the same,

G Zero-Vol (NP NS A { ‘Nt ,F. } E{/]t‘Nt } GZeroVol (Nt ,t) (44)
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Later in this section, we will show thai.E44) is the reason that the LI model and
S| model are equivalent for the zero-volatilityansity model.
The LI model default level probability d#ty conditional on the future timgis

given by
F>(Nf’\NSP ,AS): [ P(th ,A\Nf,As)dA (45)

By the law of iterative expectation, tbedl intensity seen today is equdl to

G(n.t)=G(N/ =ntiNS =0.4,)= E{G(NS N2, A NP =n, 7

-3 [ 6l =non? =mA )Pl =maN? = o,
m=0

Eq. (43) shows that the timdocal intensity is the expectation of the timkocal

(46)

intensity conditioned on the timgfiltration TEF. Egs. (43) and (46) show that (a) the

local intensity seen from a future time is not eqient to the local intensity seen today,
and (b) the today'’s local intensity is the expedtddre local intensity. This suggests that
the LI model is equivalent to the SI model for prggstatic products which depend only
on today’s information, but they are not equivaleien pricing products with payoff
depending on two or more future times

Suppose a payoff functicﬁ{NTP,T) that depends on the default level at time T

only. Assuming zero interest rate, the expecteday
E{F(N? TR, FF}= Zj P(n, A, A, ZN:F(n,T)P(n,T) (47)
n=0

where P(n,T) is the time t = O local intensity probability dégslefined in Eq. (27).

8 The today’s local intensity is analogous to thepiBais local volatility function for the equity med
[Dupire, 1994].

° This is similar to equity derivative pricing whete LV and SV models are equivalent in terms afipg
vanilla European options, but differ for forwarcarsing option. Piterbarg (2007) pointed out thae th
Markovian projection model, such as the LV modéffecs from the original SV model in pricing of
instruments that require sampling multiple pointsime.
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Hence, the expected payoff is the sameutie LI model and SI model. Since the
tranche price is just a weighted average of theetga payoff (47), we conclude that the

LI and SI models are equivalent for tranche pricing
Now, let's suppose that the payoff functid (NTP,NJ’) depends on the default
level at two future time3 <U . Under the SI model, the expected payoff is

ve(Tu)=fH (N, NS]FOP}: ZN:Zn:jo(m, n)P(m,n, A, , A, XA, dA,
n=0 m=0 (48)

N n

=> > H(mn)P*(nU,mT)
n=0 m=0
where (the superscript S| denotes that the comgitiprobability density is under the Sl
model to differentiate with the same conditionabkmbility P* (n|m) under the LI

model. We usa for N”, andmfor N7 to simplify notation)°
P (nuU,mT)=["P(nU,m A, ThA =P (nU[mT)P(mT)
P (nUlmT)= ["P(m A JP(n,U|m A T)dA, /P(mT) (49)

P(nUm, A, T)= [P, Ay [m A T)aA,
On the other hand, under the LI model, the expiectat Eq. (47) becomes

v (Tu)=Ef(ne, NUP]EOP}z zsz H(m,n)P" (n,U,mT) (50)

n=0 m=0
Comparing expression (48) with (50), we skat forV® (T,U)=V"(T,U) to
hold, we must haveP" (n,U,mT)=P®(nuU,mT) for O(mT).(nU)) . In the
following, we will show that this is generally nibte case.

Applying Eq. (29) to the tim@ filtration F7 , we see that:’(n,U|m,/lT ,T) is the solution

to the “forward” local intensity model equation fime U > T,

19 We sometime omit U and T under the implicit asstiompthat U is associated with n and T with
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dP® (n,U|m, A, )
du
+G(n-,U;m A, )P (n-1,U |m,A,)

=-G(nU:m A )P (nUjm ;) (51)

whereG(n,U;m,/lT) is the local intensity conditional ¢ff, defined in Eq. (43).

Multiplying Eq. (51) byP(NTP,/]T) and integrating the result ovdr, we obtain
the equation for the SI model joint default levedlpability density

dPS (U, mT) _ Glnuima ) )
) - _ps (n,U,m,T)IO G(n,U1m1/]T)PS|(T,rn,T|')

P(n—lU,m,AT)d/]
PS'(n-,U,mT) '

dA,
(52)

+P*(n-1U,mT)["G(n-1U;m A;)

Under the LI model, the conditional defgarbbability density satisfies Eq. (29),

dP" (n,U |m,T)
du

Multiplying Eq. (53) byP(m,T) and noticing thaP" (n,m) = P" (n|m)P(m), we

=-G(nU)P" (U ImT)+G(n-LU)P" (n-LU |m,T)(53)

obtain the equation governing the LI model joinfiadét level probability density

LI

P (gﬂ’m’T) =-G(nU)P" (nU,mT)+G(n-LU)P" (1-1U,mT) (54)

Except for the zero-volatility intensityotel, we obtaift
= ] P(n,U ,m, A )

G(nU) =z L G(n,U,m,AT)m . (55)
This means that except for the zero-vitthatntensity model, we have

PS'(n,Uu,mT)#P" (n,U,mT) (56)

which leads to
v (T,U)2VS(T,U) (57)

Therefore, the pricing of products whosggifs depend on the default level at two

or more future times is different under the LI miofilem that under the SI model if the

™ Under the zero-volatility intensity model, Eq. {#comes Eq. (44).
149




A Multi-Portfolio Model for Bespoke CDO Pricing - Part I

Sl model has a non-zero diffusion term (or equintye the probability density depends

on A, in a non-trivial way). It will be shown in the rtegection that the forward starting

tranche and tranche option fall into this categamg hence have different pricing under
the LI model and SI model, as has been confirmethbynumerical results presented in
Arnsdorf and Halperin (2008) and Lopatin and Miaspaev (2007).

Remark 2.8.1: It is helpful to understanding the difference bedwéhe LI and SI models
for pricing dynamic products using equity derivatanalogy. The LI model is analogous
to the local volatility (LV) model in equity deritige pricing. Hagan et al. (2002) showed
that the LV model, while having the same marginsirdbution as SV model, predicts the
implied volatility dynamics that is opposite of thehavior observed in the market. This
suggests that LV model is not suitable for pricpr@ducts like the forward starting
option for which the volatility dynamics is imponta The implied volatility dynamics of
the LV model is different from that of the SV modElowever, both LV and SV model
are calibrated to today’s implied volatility suréad-rom the mathematical standpoint, the
vanilla options are similar to tranches and thevéod starting options are similar to the
forward starting tranches. This is not to say thatcredit and equity derivatives are the
same. They are not. For one thing, the equity markieibits a negative implied volatility
skew where the implied volatility decreases asdinie increases. The tranche option
has positive implied volatility skew where the eglént Black implied volatility

increases with increasing strike.

2.9. Heterogeneous Recovery Rate and Notional Amount

In certain situation, we may wish to assign hetnegels recovery rates to the credits in
the bespoke portfolio. It has been well documenitadi the recovery rate decreases with
increasing spread. In other words, the riskier thee credits, the lower the expected
recovery rates would be. For example, Markit deteech through dealer poll that the
recovery rate is 40% for CDX.NA.IG and 30% for CDMA.HY. Therefore, if the
bespoke portfolio contains credits from these twdides, the model will have to be
calibrated to the CDX.NA.HY tranches and the CDX.MAtranches such that the model
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is consistent with these two index pricing. Conszly, we need to assign 40% recovery
rate to the CDX.NA.IG credits and 30% recoveryhe CDX.NA.HY credits. This can
be conveniently accomplished within the multi-politi model framework. For this case,
we assign 40% recovery to the child containing @i@X.NA.IG credits and 30%
recovery to the child of CDX.NA.HY credits.

Similarly, heterogeneous notional amount can alsohandled by the multi-portfolio
model.

3. Product Pricing

In this section, we outline the steps for priciregpoke tranche, forward starting tranche
and tranche option. The CDS tranches are somettadésd static products in the same
sense of straight bonds or vanilla European eqptions. Static credit products may be
loosely defined as those instruments whose prigngot affected by spread volatility.
Products which cannot be classified as static gnamic products. Under this definition,
spread volatility must have non-negligible impaat the pricing of dynamic products.
We note that static models have been used to piyoamic credit products such as
forward starting tranch¥.In the following, we use portfolio as the genetéem for a
bespoke portfolio which can be either the parentaochild in our multi-portfolio

framework.

3.1. CDSTranche

A CDS tranche is a contract between two partiesravbae party sells credit protection
and the other buys protection on a specific portiothe capital structure of a pool of
synthetic CDSs. Given a reference portfolio, adhenis defined by the attachment point
(AP) and the detachment point (DP), maturity areldbintract spread The CDSs in the

2|n equity derivative modeling, the LV model is pibgr among practitioners for exotic options such as
cliquet options, ladder options even though thenhdtel is known to under-price these products.

13 Unlike cash CDO, synthetic CDO does not have paymeterfall. Payments on a tranche are solely
determined according to the tranche loss whichuim depends entirely on the cumulative loss on the
reference portfolio and the tranche attachmentdmtdchment points.

151




A Multi-Portfolio Model for Bespoke CDO Pricing - Part I

reference portfolio are referred to as credit, nexiee obligation or obligor. The
protection seller receives a periodic payment fribria protection buyer based on the
tranche’s remaining notional amount and the trarsgread. In exchange for the coupon
payments, the protection seller is obligated to enadntingent payment to the protection
buyer for the portfolio cumulative default loss egding the AP. The total contingent
payment is capped &P - AP.

Let LI =(1-R)N/F/N™ be the cumulative percentage loss on the reference
bespoke portfolio (PF), the tranche loss functibtinaet is defined as

L = ()= (1 - ) - (L7 - D) (58)

where the superscript PF denotes portfolio. No& tihe portfolio itself is considered as

the 0-100% tranche in which case we haye=L{".

The tranche loss function (58) suggesas @DO tranche can be viewed as a long
call option on the cumulative portfolio loss witketstrike AP and a short call option with
the strike DP. Using the equity derivative termowy, the tranche can be viewed as a
bull call spread on the cumulative portfolio loss.

Assuming independence between the intera®t and the default level, and
neglecting accrued premium, the mark-to-marketesgMTM) to the tranche protection

seller is

+S3"D(T, P - AP-E [R(T,)+ LT,
» =] (59)
-3 2{o(r.)+ o (1 - 1)

k=1

MTM =R

Tranche — ' Upfront

In Eq. (59),R(t)=[RI\IfF/NPF -(a- DP)]+ is the amortizing amount removed

from (the top of) the portfolio. CIearIyR(t) can be non-zero only for tranches with

DP >1-R.}So it affects only the most senior tranche. If titemche is identical to the

14 If the recovery rate is heterogeneous, R is thewery rate associated with the child portfolio tremche
references.
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portfolio, i.e. AP = 0 and DP = 100%, we haRfl )+ LI® = NJF /NP", the portfolio
notional loss due to default. In Eq. (5%),,, is the upfront price quote and S is the

tranche running spread. The market convention fgestment grade (IG) is to quote
equity and junior mezzanine tranches by an upfpitde plus a fixed running spread
(usually 500 bps), and to quote mezzanine and saalches in all running spread form.
Emerging market (EM) and High Yield (HY) indicesate prices in upfront with no
running spread. Compared with the all running spteanche, upfront payment reduces
the spread sensitivity (DV01) and P&L convexity.

Egs. (58) and (59) show that tranche pgi@ssential involves the calculation of
Ay =i o]
=Y [a- RN AN - A PNS,NE ) (60)
NE

with

P(N?, NTC,T):TP(NTP, NE, A, T A, .

0

The multi-portfolio default level densit?/(NTP, NTC,T) can be obtained by solving
Eq. (26). Eq. (60) shows that tranche pricing essiyn requires only the marginal
default level distribution. In other words, the fddion component in the stochastic
intensity model does not matter. As a result, g olatility model is sufficient. Since
the diffusion is irrelevant in tranche pricing, tt#fusion volatility parameters in the Sl
model cannot be determined from calibrating to thenche prices alone. These
observations have been previously pointed out msdorf and Halperin (2008), Lopatin
and Misirpashaev (2007).

The fact that tranche pricing does nounegjintensity volatility suggests that it is
more efficient to fit tranche prices using the wlBttion density P(Nf,Nf‘,t) of

Markovian projection model rather than the origifiall blown stochastic intensity

model.
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3.2. Forward Starting Tranche

A forward starting tranche is a forward contractaotranche that starts at a future date
with predetermined notional amount, maturity, refere portfolio, attachment and
detachment points, and tranche premium. At thectrarstarting date, the AP and DP are
adjusted according to the portfolio loss such tit tranche subordination remains
unchanged. Suppose that the AP and DP for the fdratarting tranche aandb, and

the forward starting date i§ . If the cumulative portfolio loss &, is L$OF, the AP and
DP of the forward starting tranche at the startiigte T, are A=a+ L.Fr’oF and
B=b+ L.Fr’OF. The effective tranche subordination is stiland the effective tranche size
remains to bé — a BothA andB are capped at 100%. Aftdy, it is a regular tranche.

Let the forward starting tranche matubg/T , The MTM value before the starting
datet <T, to the protection seller is equal to the preseier of the difference over the
life of the tranche between the expected trancbe émd the expected premium payment.
Assuming unit notional amount and option contrgceadsS this is given by

MTM(E) = SY E, (" -1 o, -3 E,(b-a- L7 )o, (61)
k=1 k=1

where the tranche lossai= T, defined as

= (L —a- L) - (L b L) (62)

Eq. (62) shows that the payoff of a fordvatarting tranche is similar to that of a
forward starting equity call spread with portfolass L™ serving the role of stock price.
Valuation of the forward starting tranche reduaesalculating the expectation

E(LP - A- L7 ) = E[L- RN - N )i NPF - A

=y fP(NtP, NE NS, NS A )P(NTP, NS, A )(Lth - A-LPF ) di. (63)
NC NE

15 For simplicity, we assume all payments are madeeapayment date.
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where
PN NS [NPNE, A )= [P(NF NS A NP NE, A, i (64)

The exposition in Sec. 2.8 indicates that expectation in (63) is different under
the SI model from under the LI model. Therefores 81 model and LI model are not
equivalent for forward starting tranches.

Remark 3.2.1: Equity forward starting options have been pricethgisin decreasing
level of sophistication, SV model, LV model, and B®del with a suitably chosen

implied volatility. The SI model with non-zero vilay a()lt,NtP,t) is compared to the

SV model where the default intensity plays the aflequity stochastic volatility. The LI
model is the counterpart to the LV model. Jacksath Zhang (2007) proposed a factor
copula models with constant correlation for tranghiing that is analogues to the

Black-Sholes model with an implied volatility fogeity call option.

3.3. CDSTranche Option

Option on tranche is a European option that giieesdption holder the right but not
obligation to buy or sell credit protection at &uite time on a predetermined tranche with
a specified spread (strike). Unlike the single n&@mS option which ceases to exist after
default, the tranche option does not knock outradtedefault in the portfolio. Upon
exercising the option, the option buyer can sdtfetranche loss occurred prior to the
option expiry. The premium payment is based orréngaining tranche notional amount.

Let the option expiry b&,, the underlying tranche maturity g , and the option

strike beS The value of a payer tranche option, which gitresholder the right to buy
credit protection and to pay the spré&ds equal t&°

D, Eo{i%[a{, ('—;R)_ = (L;Rq )] B Si%[AD -y (L;R)]ATJ' + L¥0R }+ (65)
=1 Y1,

=

'8 To simplify notion, we assume that the tranche I()SA'I'i is paid out at'l'i and no accrued coupon.
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where the tranche loss functiaff® is defined by Eq. (58), andD = DP - AR L7" is
the tranche loss at the option expiry.
It is seen from Eq. (60) that the trandpéion price depends on the joint default

distribution at option expiryf, and coupon payment timg . Therefore, a stochastic

intensity model will yield a different price thahet corresponding local volatility model.
Examples of numerical difference in pricing of tha options between SI model and LI
models can be found in Arnsdorf and Halperin (2088¢ Lopatin and Misirpashaev
(2007).

4. Calibration

The model calibration is to fit the parent defamitensity and the child conditional

default probability functiongk(xk) to the liquid market prices of tranches which

reference either the parent or the children. Wesiclem two fundamental situatiohs:
1) Portfolio Thinning in which the bespoke portfol®a child of an index.
2) Portfolio Enlargement in which the bespoke portfad the parent that includes one

or more indices as children.

4.1. Portfolio Thinning

When the bespoke portfolio is a subset of an indag,natural to select the index as the
parent. Using a term analogous to random thinniiggecke et al. 2009], we refer this
case as (random) portfolio thinning in the sens tie bespoke portfolio can be viewed
as a constituent of the index.

For portfolio thinning, we fit the paredefault intensityA(NtP,t) to standard

tranche prices and liquid tranche option pricespipropriate. Since the parent is an index,

this stage of calibration is done independent & thildren. The actual calibration

" Here we do not consider bespoke credits. In teeguce of bespoke credits which is should be grbupe
as a child, the model will also need match theayeispread of this child.
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procedure is model dependent. Here we do not esbarn calibration of default

intensity model to standard tranches.

Having determined(n,t) , we next calibrate the child conditional default
probability Ck(Nt", NS ,t) for all children. As stated earlier, we simultangly solve for
&(t)k=1---,K. Since the children are bespoke portfolios, thesy unlikely to have
liquid tranches® Therefore, we fit the model spread for each ctiilthe market implied

intrinsic spread of that child. The child intringpread for a maturity can be calculated

from the constituent CDS curves in the child. Treisults inK equations foK unknowns.

4.2. Portfolio Enlargement

The case in which the bespoke portfolio is the ipaise potentially very important. From
the practical standpoint, a bespoke reference g@artbften has only a portion of credits
overlapping with a particular index. In this caie first step is to construct the parent
portfolio that is the union of some relevant indicend the bespoke. The indices are
considered children. Now, our problem consists béspoke parent that contains indices
as children.

When the bespoke portfolio is the parehindex children, the parent default
intensity A, cannot be directly fitted to the index tranchesduse the parent contains
more credits than do the tranche reference pastfolin this case, we fit the multi-
portfolio default model to the standard tranchderemcing the (child) index portfolio.

To this end, we must calibrate simultaneously theept default intensityl, and the
child conditional default probabilitg, (N7, NE,thk =1+, K.

[1] Specify the parent default intensity model.
[2] Specify the child portfolio conditional default fability C, (n,m,t) in terms of Egs.

(12), (13) and (14).

18 |f needed, we can incorporate tranche prices byfitéing to the tranches referencing children.
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[3] Best fit A, and & (t),k =1,---,K to the liquid tranches referencing index childeew

index spreads.
Remark 4.2.1: Bespoke portfolio often contains bespoke credig$ #ne not constituents
of any liquid index. Under our model, these bespoitetlits will normally be grouped
into a separate child portfolio, and the parent a@ontain the indices and the child of
the bespoke credits. This is a case of portfolitargement, and hence the above

calculation procedure applies.
5. Model Applicationsand Limitations

5.1. Bespoke Tranche Referencing Two I ndexes

As stated earlier in this paper, the goal of oudetas to establish relationship between
the bespoke portfolio and some relevant indexesescan incorporate the market index
pricing information into the bespoke tranche pricim other words, we want to value the
bespoke tranche in a way consistent with the ggioihstandard tranches and indexes. In
this section, we discuss model application throaginactical example.
Example: A 3-7% STCDO (single-tranche CDO) referencing biligors of which 50
belong to the iTraxx Europe index and the otheaf0members of CDX.NA.IG indéX.
The current standard method to price sadbespoke STCDO is the one-factor
copula model with some base correlation (BC) magppkor this case, the indices to
which the bespoke is mapped are naturally the CBdex and iTraxx index. Base
correlation mapping can be done in several waydeseribed in Baheti and Morgan
(2007) and Turc et al. (2006). For example, thef&CQhe bespoke equity tranche is the
weighted average of the BCs of the index equitndin@s with the same maturity and
detachment point, where the weights for CDX andaxXrare 0.5. Since 7% is not a

standard iTraxx tranche detachment point, the BC7f% DP in the iTraxx must be

19 Since CDX is traded in USD and iTraxx is tradedimo, a currency component will be needed and the
spreads in iTraxx will need to be adjusted duentodurrency difference [Ehlers and Schonbucher6R00
We do not consider these complications. However,nate that the model does allow specification of
different notional amount among children.
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interpolated from the BCs for the standard iTraxanthes. The interpolation of DP

should ensure that the equity expected loss be@easing function of the detachment
point. It is well documented that BC interpolatiennot guaranteed to be arbitrage-free
[Schloegl et al., 2008].

We take an alternative approach to bugdm relation between the bespoke
reference portfolio and the indices. First we eggathe portfolio such that the enlarged
portfolio (parent) contains both CDX and iTraxx é@xes as children. We then shrink the
parent to the bespoke portfolio which contains @nportion of the indices.

Let the bespoke portfolio be denotedshyCDX index asS., and iTraxx index by
S,. Furthermore, led = 5; N 5. andB = 5; N 5,. We also denote complement portfolios
of A and B relative to their respective enclosing indexAfy= §.\4 andB* = §,\B.
Clearly, the parent portfolio i§, = §.U S, = AU A" UB U B“. As discussed in section

2.9, different recovery rates may be assigned tX@bd iTraxx.

Here, we outline two calibration methodise first method involves a two-stage
computation. Each stage solves a two-child problEne second method solves a four-
child problem. The advantage of the first methoth& it transform a four-child problem
into two two-child problems. And two-child problesmuch simpler to solve than four-
child problem.

The computational procedure of method 1 is as\idlo

1) Assume a top-down default intensity process for“tilebal’ parent portfolioS, .

Any of the four parent models mentioned earlier rhayused. The choice is largely
based on convenience. At this stage, the modeilisisdetermined in the sense that
the model parameters remain undetermined.

2) Assume that the children to 5g ands,.
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3) Assume conditional default probability fér andS,. The child conditional default

probabilities are different, reflecting differenskiness of CDX and iTraxx. We also

assign (different) recovery rates fiyr ands,.

4) Jointly calibrate the default intensity for the fholio and the conditional default

probabilities fors. and s, to the standard CDX and iTraxx tranches using the

procedure outlined in section 4.2.

5) Construct the default intensity processessfoands, using Eq. (40). This gives the
default intensity foiS . ands,. This completes the stage 1.

6) Take5. as a parent with the default intensity processutaled in step 5), compute
the child conditional default probability ferandA® by solving a portfolio thinning

problem involves two children using the procedufesection 4.1. The calibrating

prices are the spreads#find4°. Repeat the same f§y and the two childrei® and
EC. This is the stage 2.
7) Calculate the price of the tranche referencingoéspoke portfolic ;.

At first glance, the above way to obtdie bespoke portfolio default process may
seem convoluted. In our view, this is a sensiblg talink the bespoke portfolio to the
CDX and iTraxx indices which have substantial caer 40% in this case — with our
bespoke portfolio where both CDX and iTraxx hav® hames. So 40% of the indexes
are in the bespoke portfolio. The most importanthest through this way, we obtain a
dynamic default process for the bespoke portfolluciv cannot be achieved by base
correlation mapping. The dynamic process can tleended to consistently price and to
risk manage the bespoke tranche.
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The method 2 is more direct but requirelvisg a more complicated four-child
problem.

1) Assume a top-down default intensity process fopiduent portfolios ;.
2) Divide the parent into four childretd, A, 5 and5*.

3) Simultaneously calibrate the problem to standaaddines of CDS and iTraxx as well
as the spreads of the four children.

5.2. Credit Substitution

Another potential application is the credit sulsiiin. Managed bespoke tranche permits
credit substitution where one or more credits ia llespoke portfolio are replaced with

other credits of equal notional amounts. The pupad the credit substitution can be

one or a combination of the followings:

1) To improve or maintain the rating of the tranche.

2) To prevent credit deterioration.

3) To lock in gains on credits whose spreads havédigid substantially.

In practice, the effect of credit subgtdn on the tranche involves an adjustment of
the tranche subordination to account for the trgdiain or loss caused by the credit
substitution without changing the tranche spredmt ilea is that the expected loss on the
tranche must remain the same before and afteruhbstigition. When a credit with a
higher spread is replaced by another credit witbveer spread, the bespoke portfolio
becomes less risky and the tranche subordinaticst beiadjusted downwards to reflect
the reduced overall portfolio risk. Converselyailower spread credit is replaced by a
higher spread one, the subordination must be ajuspwards to reflect the increased
portfolio risk.

Under the factor copula model frameworklcualation of the subordination
adjustment entalils first to calculate the baseetations for the new tranche using a base
correlation mapping scheme, and then calculatee#pected loss of the new tranche.

Adjust the new tranche subordination until the psistitution tranche expected loss is
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equal to that before substitution or the differenise minimized within some
predetermined tolerance.

Halperin and Tomecek (2008) suggested rderdsting method for the credit
substitution. First, the single name credit defalyihamic process consistent with the
portfolio default dynamics is obtained by randominting. Second, the default
probabilities of the single names of the new pdidfare inferred, and the top-down
default dynamic process of the new portfolio is ated. The expected loss of the tranche
after credit substitution can be calculated frora trew portfolio default process. See
their paper for more details.

We assume that the pre-substitution bespaitfolio consists of sub-portfolios A
and B where B is replaced by portfolio C. In ourdebframework, the expected loss on
the new tranche referencing portfoll] C is evaluated as follows:

1) Construct the dynamic default processes for theativeortfolio ALl B[ C, and sub-
portfolio A0 B and ALl C using the method described above.

2) The pre-substitution tranche expected loss is tatked based on the portfolio[d B.

3) The post substitution tranche expected loss isutatked from the portfolid\[] C .

4) Adjust the subordination of the post substituticemthe until the post substitution

tranche expected loss is equal to that of the pbstgution, or the error is minimized.

6. Conclusions

We have presented a multi-portfolio model for thiecipg of bespoke portfolio CDO
tranche. A fundamental model assumption is thab#spoke portfolio has a child-parent
relationship with an index or multiple indices. Thespoke portfolio may be a sub-
portfolio of an index, or it may be the parent ofecor several indices, or it may simply
have overlapping with indices. This assumption &slo establish a relationship
between the bespoke portfolio default process hadndex default process. As a result,
the bespoke tranche pricing is consistent withinldex tranche pricing.

We have taken as given the default modetHe parent portfolio. There are many

choices for such a model in the open literaturee Néve proposed a model for
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distribution of the parent default among the clakdr The child conditional default
probability model is very simple while satisfyintj the required constraints. The default
process in the children is a combination of theepamdefault process and the child
conditional probability.

The multi-portfolio model is calibrated tihe index tranches and available
instruments of the bespoke portfolio. The calilonatis considerably simpler when the
parent portfolio is an index than when the bespadfolio is the parent. In the former
case, bespoke default process can be built in éparate stages. First, the parent default
process is calibrated to the index without regaydive child portfolio. Second, the child
conditional default probability is calibrated tcetlavailable instruments of the bespoke
portfolio. In the latter case where the bespokéfpluw is the parent and the indices are
the children, we must build the default processtli@r bespoke portfolio and calibrate it
to the index tranches as well as the availableepraf the bespoke portfolio. In this case,
the parent default process is likely the one thaifiinterest. Once calibrated, the model
can be used to price any bespoke instruments.

Finally, we note that this paper is thethndology part of the model. It does not
address the numerical implementation although megonponents of implementation

have been outlined here and in the references. cited

Appendix: The Two-Child Case

One important practical case is where there aresteportfolios. The bespoke portfolio
can be either the parent or one of the childrenhénappendix, we describe an algorithm
for efficient solution of the local intensity modeduation (26) for the two-child case.
When K = 2, a default must be in eitheitdch or child 2. We haven=u+v and
N =M, + M, whereu is the default level in child 1 andis the default level in child 2.
To lighten notation, we omit the dependencenaand suppress So P(n,m,t) = P(u,v)
and C,(n,mt)=C, (u,v) where k = 1, 2. The local intensi®(nt) in Eq. (27) is a
function of the parameters of the stochastic intgn4 .

Using the notation defined above, Eq. (#)omes
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dP((jL:’V) =~G(n)P(u,v)+G(n-1fC,(u-1v)P(u-1v)+C,(uv-1)P(uv-1} (A1)

DefineW = (M, +1)(M, +1), the total number oP(u,v,t), andQ a W-dimensional
vector where the component of vec@®rs defined by the mapping
QJ(UVV)(t) = P(u,v,t), with J(u,v) = u(M ’ +1)+v (A.2)
subjected to the constraints
O<us<M; and 0OsvsM, (A.3)
Using mapping (A.2), Eq. (A.1) can be ri¢ten as

dQ. (t
det( ) = aij (t)Qi (t) + ai—Lj (t)Qj—l(t) + aj—(M2+1),ij_(M2+1) (t) (A4)

where j=J(u,v), j-1=J3(uv-1), j-(M,+1)=J3(u-1v), and the coefficient

matrix A = (a,.j ey 1S defined by

a; () =-G(n,t),
ai‘(M2+1),j(t)ze(n_l't)cl(u_l'v’t)’ (A5)
a_,; =G(n-1t)C,(u,v-1t), '
a,(t)=0, Otherwise

The initial condition for Eq. (A.4) is
Q;(0)=0y,. (A.6)

Note that rovvj[= J(u,v)] of matrix A contains three non-zero entries, a, .,
and a, (,,,,) Where J(u,v+1)=j+1 and J(u+1v)=j + M, +1. It is easy to verified

that coefficient matrix A satisfies the property
W
;== 8 ==& 14 =& ) J =0 W1 (A7)
iz]
and hence is a generator matrix.
Eqg. (A.4) can be rewritten convenientlyhie matrix form
aQ_ A (A.8)
dt
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Since the generator matrix A is determiojshe solution of equation (A.8) is

Q) =t )< [ a9

to
The matrix exponential in formula (A.9) ncdbe computed using the Pade
approximation. Moler and Loan (2003) provided arereiew of various methods for

computing the matrix exponential.
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